A functional partial differential equation is set for the proper graphs generating functional of QED in external electromagnetic fields. This equation leads to the evolution of the proper graphs with the external field amplitude and the external field gauge dependence of the complete fermion propagator and vertex is derived non-perturbativally.
The study of QED in the presence of external electromagnetic fields started long ago with the computation of the quantum corrections to the Maxwell Lagrangian [1] , for which recent and rich studies can be found in [2] . We find also among the studies of the effect of an external field the dynamical chiral symetry breaking by a magnetic field, the magnetic catalysis [3] .
In the studies of magnetic catalysis, the full fermion propagator (including the interaction with the external and the dynamical gauge fields) as well as the full vertex and full photon propagator are used in the Schwinger-Dyson equation. However, usual studies of the Green's functions in an external field take into account the quantum corrections coming from the dynamical gauge field only with pertubative arguments [3] .
We will describe here a non-perturbative approach, similar to the background field methods [4] , which will lead us to the external field gauge dependence of the full fermion propagator and the full vertex. For this we will set up a functional differential equation showing the evolution of the effective action (Legendre transform of the connected graphs generator functional) with the amplitude of the external field. The interesting point is that this differential equation is exact and thus independent of pertubative expansions.
The method described here is similar to the one given in [5] where the differential equation described the evolution of the effective action with the mass scale of a scalar theory and lead to the well-known one-loop effective action after integration.
The Lagrangian is (we will not write the gauge fixing term)
where A µ is the dynamical gauge field of strength F µν and A ext µ the classical (external) electromagnetic field. e is the QED coupling and g the coupling to the external field which is taken different form e so that it can controle the amplitude of A ext µ . We will introduce the effective action Γ of the model, defined as the Legendre transform of the connected graphs generator functional and our aim will be to derive the exact functional equation
from which we can extract the evolution of the proper graphs.
In what follows, the Lorentz, Dirac and space-time indices will not be explicitely written if not necessary. We will note 'tr' the trace over Dirac indices and 'Tr' the trace over Dirac and space-time indices. The computations will be done in dimension d.
The connected graphs generator functional W g is given by
We note that we do not couple the external field to the source j. W g has the following functional derivatives
where the expectation value O of an operator O is
Inverting the relations between (j, η, η) and (A, ψ, ψ), we define the effective action
From this definition we extract the following functional derivatives:
The evolution equation with g of the connected graphs generator functionnal is, according to (4)
To compute the evolution of Γ g , one has to keep in mind that the independent variables for this functional are ψ, ψ, A and g. Taking (4) into account, we obtain then
The relation (7) between the second derivatives of W g and Γ g implies then the exact functionnal evolution equation for the effective action:
We can actually write another evolution equation, which will be more usefull, using the equation of motion for the dynamical gauge field A µ that we now derive again as is done in [6] , so as not to miss any contribution. We can assume that the integral of a derivative vanishes, so that
which can be written
Using the relations (4) and (7), we find then
Making the scalar product with A ext , we obtain
up to a surface term. (14) and (10) give then a linear evolution equation for the effective action Γ:
Let us check that ∂ g Γ is invariant with respect to an external gauge transformation A (15) is of course invariant and the first one becomes after an integration by parts where we disregard the surface term
But according to (7), the additional integrale vanishes since
due to the charge conservation. Thus (15) is gauge invariant, as expected.
To conclude with the effective action, we can give a general solution of (15) in terms of the proper graphs generator functionnal without external field.
If we take the second derivative of Γ with respect to g, we obtain
where we again disregarded the surface term. We obtain in general, for n ≥ 3
Then we can make the ressumation
and take g = e, which leads to the following relation between Γ (with the external field) and Γ 0 (without the external field):
The integrales involving F ext µν in (21) correspond to the substraction of the kinetic contribution of the external field which does not enter into account in the problem.
We recognize in (21) the functionnal translation operator which is the generalization of
such that we can finally write
Thus the effective action of the theory with an external field is the same functionnal as the one of the theory without external field (but for the bare kinetic term), translated by the vector A ext in the space of the functionnal variables. This equivalence between the effective action with and without external field is known in the background field methods [4] .
Let us now come back to the equation (15). Its differentiation with respect to the fields leads to the evolution of the proper graphs. Let us take the second derivative with respect to ψ and ψ for vanishing sources. We encounter then the vertex function
and the inverse fermion propagator
to obtain the following evolution equation:
To fix the idea, we can see that the tree-level proper graphs G −1 tree and Λ µ tree verify (26) since they are given by
The evolution equation for the propagator is then obtained by noticing that
and therefore, according to (26)
Let us now perform a gauge transformation on the external field A ext µ = A 0 µ and write A 1 µ = A 0 µ + ∂ µ φ (we will use the same notations for G and Λ µ corresponding to the two gauges). We obtain after an integration by parts where we omit the surface term
Then the use of the Ward identity
leads us to
where
The equation (32) can also be written 
After the result (35) concerning the gauge dependence of the propagator, we can take any gauge and thus will consider that the external potential in linear. We note that in this case the phase can be written 
We will check now that the same phase dependence for the complete fermion propagator and vertex is consistent with the differential equation ( 
